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Let G be a connected reductive linear algebraic group deﬁned over
a ﬁeld k and EG a principal G-bundle over the projective line P1k
satisfying the condition that EG is trivial over some k-rational point
of P1k . If the ﬁeld k is algebraically closed, then it is known that the
principal G-bundle EG admits a reduction of structure group to the
multiplicative group Gm . We prove this for arbitrary k. This extends
the results of Harder (1968) [10] and Mehta and Subramanian
(2002) [14].
© 2009 Elsevier Inc. All rights reserved.
1. Introduction
We recall a theorem of Grothendieck proved in [9].
Let k be an algebraically closed ﬁeld and G a connected reductive linear algebraic group deﬁned
over k. Then any principal G-bundle over the projective line P1k admits a reduction of structure group
to Gm .
This means the following.
Consider the tautological line bundle O
P
1
k
(1) over P1k . The principal Gm-bundle over P
1
k deﬁned by
it will be denoted by FGm .
Given any principal G-bundle EG over P1k , the above theorem implies that there is a cocharacter
ρ : Gm −→ G
such that EG is isomorphic to the principal G-bundle over P1k obtained by extending the structure
group of FGm using the homomorphism ρ .
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A principal G-bundle EG over P1k is called split if there is a homomorphism
ρ : Gm −→ G
such that EG is isomorphic to the principal G-bundle over P1k obtained by extending the structure
group of the tautological principal Gm-bundle FGm using ρ .
We prove the following theorem (see Theorem 3.4).
Theorem 1.1. Let EG be a principal G-bundle over P1k such that EG is trivial over some k-rational point of P
1
k .
Then EG is split.
Theorem 1.1 is known to be valid under some assumptions. In [10], this was proved under the
assumption that the group G is split over the ﬁeld k and the principal G-bundle EG −→ P1k is Zariski
locally trivial (from [7] it follows that the second assumption is rather mild). In [14], this was proved
under the assumption that the characteristic of k is different from 2 and 3. Our proof is modeled
on [4].
It may be pointed out that principal GL(n,k)-bundles over a geometrically irreducible smooth pro-
jective curve of genus zero need not admit a reduction of structure group to Gm . (See [5,6] for such
examples.)
2. Harder–Narasimhan reduction
Let G be a connected reductive linear algebraic group deﬁned over an algebraically closed ﬁeld k.
We recall that a reduced closed subgroup P of G is called parabolic if the quotient variety G/P is
complete. So G itself is also a parabolic subgroup of G . Let
Z(G) ⊂ G (2.1)
be the connected component, containing the identity element, of the reduced center of G . A charac-
ter λ of a parabolic subgroup P ⊂ G is called strictly anti–dominant if the following two conditions
hold:
• λ is trivial on Z(G), and
• the line bundle over G/P associated to λ is ample.
Let EG be a principal G-bundle over the projective line P1k . We recall that EG is called semistable
if for every triple of the form (P , E P , λ), where
• P ⊂ G is a parabolic subgroup,
• E P ⊂ EG is a reduction of structure group of EG to P , and
• λ is a strictly anti-dominant character of P ,
the inequality
degree
(
E P (λ)
)
 0 (2.2)
holds, where E P (λ) is the line bundle over P1k associated to the principal P -bundle E P for the char-
acter λ of P .
In order to decide whether a given principal G-bundle EG is semistable, it suﬃces to verify the
above inequality only for those P that are proper maximal parabolic subgroups of G . More precisely,
EG is semistable if and only if for every pair of the form (Q , σ ), where
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• σ : P1
k
−→ EG/Q is a reduction of structure group of EG to Q ,
the inequality
degree(σ ∗Trel) 0 (2.3)
holds, where Trel is the relative tangent bundle over EG/Q for the natural projection EG/Q −→ P1k .
(See [18, p. 129, Deﬁnition 1.1] and [18, p. 131, Lemma 2.1].)
The relationship between the above deﬁnition and the deﬁnition of a semistable vector bundle is
explained below in Remark 2.1. We recall that a vector bundle W over P1
k
is called semistable if for
each subbundle W ′ ⊂ W of positive rank, the inequality
degree(W ′)
rank(W ′)
 degree(W )
rank(W )
holds.
Remark 2.1. Let EGLn be a principal GLn(k)-bundle over P
1
k
. Let EV denote the vector bundle over P1k
of rank n associated to EGLn for the standard action of GLn(k) on k
⊕n . This associated vector bundle
EV is semistable if and only if the principal GLn(k)-bundle EGLn is semistable. To see this, ﬁrst note
that the proper maximal parabolic subgroups of GLn(k) are parametrized by the proper nonzero linear
subspaces of k
⊕
n . Giving a reduction of structure group EQ of EGLn to a proper maximal parabolic
subgroup Q ⊂ GLn(k) is equivalent to giving a subbundle W of EV having rank that coincides with
the dimension of the subspace of k
⊕
n preserved by Q . The pullback σ ∗Trel in Eq. (2.3) coincides
with the tensor product W ∗ ⊗ (EV /W ). Therefore, we have
degree(σ ∗Trel) = degree(EV /W ) · rank(W ) − degree(W ) · rank(EV /W ).
Using this equality it follows immediately that the principal GLn(k)-bundle EGLn is semistable if and
only if the associated vector bundle EV is semistable.
Let p be the characteristic of the ﬁeld k. If p > 0, then we have the Frobenius morphism
F
P
1
k
: P1
k
−→ P1
k
(2.4)
of the variety P1
k
. For notational convenience, when p = 0, by F
P
1
k
we will denote the identity mor-
phism of P1
k
.
For any integer n 1, let
Fn
P
1
k
:=
n-times︷ ︸︸ ︷
F
P
1
k
◦ · · · ◦ F
P
1
k
: P1
k
−→ P1
k
be the n-fold composition of the self-map F
P
1
k
in Eq. (2.4). By F 0 we will denote the identity map
of P1
k
.
A principal G-bundle EG over P1k is called strongly semistable if for each integer n 0, the pullback
(Fn
P
1
k
)∗EG is a semistable principal G-bundle.
So, when p = 0, a strongly semistable principal G-bundle is simply a semistable principal G-
bundle. In view of Remark 2.1, the above deﬁnition is consistent with the deﬁnition of a strongly
I. Biswas, D.S. Nagaraj / Journal of Algebra 322 (2009) 3478–3491 3481semistable vector bundle which says that a vector bundle E over P1
k
strongly semistable if (Fn
P
1
k
)∗E is
semistable for all n.
Lemma 2.2. Any semistable vector bundle E over P1
k
is strongly semistable.
Proof. A theorem due to Grothendieck [9], says that any vector bundle over P1
k
splits into a direct sum
of line bundles (see [13, p. 61, Lemma 4.4.1] for a proof ). Consequently, a semistable vector bundle
decomposes into a direct sum of line bundles of same degree. Hence it follows that any semistable
vector bundle E over P1
k
is strongly semistable. 
The Levi quotient of a parabolic subgroup P of G will be denoted by L(P ). So
L(P ) = P/Ru(P ), (2.5)
where Ru(P ) is the unipotent radical of P (see [11, p. 125]). The Levi quotient L(P ) is a connected
reductive linear algebraic group.
Let EG be a principal G-bundle over P1k . It is known that EG admits a Harder–Narasimhan reduc-
tion. We recall that a Harder–Narasimhan reduction of EG is a pair (P , E P ), where P ⊂ G is a parabolic
subgroup, and
E P ⊂ EG
is a reduction of structure group of EG to P , such that the following two conditions hold.
• The principal L(P )-bundle over P1
k
obtained by extending the structure group of E P using the
quotient map P −→ L(P ) (see Eq. (2.5)) is semistable.
• For any nontrivial character χ of P which is trivial on Z(G) (see Eq. (2.1)) and expressible as
a nonnegative linear combination of the simple roots with respect to some Borel subgroup of G
contained in P , the line bundle over P1
k
associated to E P for χ is of positive degree.
See [3, p. 208, Proposition 3.1] for the existence of a Harder–Narasimhan reduction; in [3], the termi-
nology “canonical reduction” is used. Take any element g ∈ G . If (P , E P ) is a Harder–Narasimhan
reduction of EG , then (g−1P g, E P g) is also a Harder–Narasimhan reduction of EG . The Harder–
Narasimhan reduction is unique up to this conjugation of P [3, p. 221, Corollary 6.11]. We note that in
general, some condition on the characteristic of k is needed in the uniqueness assertion in [3, p. 221,
Corollary 6.11]. However, the fact that any semistable vector bundle over P1
k
is strongly semistable
(proved in Lemma 2.2) ensures that Proposition 6.9 in [3, p. 219] remains valid without the condition
on characteristic. Therefore, in the special case of P1
k
, the uniqueness assertion in [3, Corollary 6.11]
remains valid without any extra assumption.
Remark 2.3. Let
Ad(EG) = EG ×G G (2.6)
be the group scheme over P1
k
associated to EG for the adjoint action of G on itself. Let E P ⊂ EG be a
Harder–Narasimhan reduction. Deﬁne Ad(E P ) = E P ×P P as above. So Ad(E P ) is a subgroup scheme
of Ad(EG). We noted above that E P is unique up to a conjugation of P . This immediately implies that
the subgroup scheme
Ad(E P ) ⊂ Ad(EG)
is independent of the choice of the Harder–Narasimhan reduction of EG .
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E P ⊂ EG be a Harder–Narasimhan reduction. The adjoint vector bundles of E P and EG will be de-
noted by ad(E P ) and ad(EG) respectively. So ad(E P ) (respectively, ad(EG)) is the vector bundle over
P
1
k
associated to E P (respectively, EG ) for the adjoint action of P (respectively, G) on its own Lie
algebra. Note that ad(E P ) is a subbundle of ad(EG).
Lemma 2.4. Let E P ⊂ EG be a Harder–Narasimhan reduction. Then
H0
(
P
1
k
,ad(EG)/ad(E P )
)= 0. (2.7)
Also,
H0
(
P
1
k
,ad(E P )
∗ ⊗ (ad(EG)/ad(E P )))= 0. (2.8)
Proof. If EG is semistable, then G = P , and hence the lemma is obvious in that case. So assume that
EG is not semistable.
The ﬁrst part of the lemma is proved in [1] (see [1, p. 705, Corollary 1]). Corollary 1 in [1, p. 705]
is proved under the assumption that k = C. However, in view of Lemma 2.2, the proof there remains
valid for principal bundles over the projective line P1
k
, where k is any algebraically closed ﬁeld.
We recall from [1] that Eq. (2.7) is proved by showing that ad(EG)/ad(E P ) has a ﬁltration of
subbundles such that each successive quotient is semistable of negative degree. Note that a semistable
vector bundle of negative degree does not admit any nonzero sections.
Let W be a semistable vector bundle over P1
k
of nonnegative degree. So W is of the form
O
P
1
k
(d)
⊕
r with d 0, because W splits into a direct sum of line bundle by the Grothendieck’s theo-
rem (see the proof of Lemma 2.2 for a reference). Therefore, we conclude that W ∗ ⊗ ad(EG)/ad(E P )
admits a ﬁltration of subbundles such that each successive quotient is semistable of negative degree.
Hence
H0
(
P
1
k
,W ∗ ⊗ (ad(EG)/ad(E P )))= 0. (2.9)
Now Eq. (2.8) follows from Eq. (2.9) because ad(E P ) has a ﬁltration such that each successive
quotient is semistable of nonnegative degree (see the Harder–Narasimhan ﬁltration of ad(E P ) in
[1, p. 705] and note that μmin(ad(E P )) = 0 (see the argument in [1, p. 705] for Corollary 1)). This
completes the proof of the lemma. 
The following lemma is a generalization of Lemma 2.2.
Lemma 2.5. Let EG be a semistable principal G-bundle over P1k . Then EG is strongly semistable.
Proof. It suﬃces to show that the pull back F ∗
P
1
k
EG is a semistable principal G-bundle, where FP1
k
is
the Frobenius morphism in Eq. (2.4).
Assume that F ∗
P
1
k
EG is not semistable. Let
E P ⊂ F ∗
P
1
k
EG
be a Harder–Narasimhan reduction of F ∗
P
1
k
EG . Since F ∗
P
1
k
EG is not semistable, this parabolic subgroup
P is proper. Let ad(E P ) denote the adjoint vector bundle of E P , which is a subbundle of the adjoint
vector bundle ad(F ∗
P
1 EG) of F
∗
P
1 EG .k k
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P
1
k
ad(EG), where ad(EG) is the adjoint
vector bundle of EG (see [12, Section 5] for the Cartier connection). A subbundle W of F ∗
P
1
k
ad(EG) is
of the form F ∗
P
1
k
V ′ , where V ′ is a subbundle of ad(EG), if and only if W is preserved by the Cartier
connection ∇ [12, p. 190, Theorem 5.1.1].
Since ad(F ∗
P
1
k
EG) = F ∗
P
1
k
ad(EG), the Cartier connection ∇ on F ∗
P
1
k
ad(EG) deﬁnes a connection on
ad(F ∗
P
1
k
EG) which will also be denoted by ∇ .
Consider the second fundamental form
S ∈ H0(P1
k
,ad(E P )
∗ ⊗ ((F ∗
P
1
k
ad(EG)
)
/ad(E P )
)⊗ Ω1
P
1
k
)
(2.10)
of the subbundle ad(E P ) of F ∗
P
1
k
ad(EG) with respect to the Cartier connection ∇ . So S is the compo-
sition
ad(E P ) ↪→ F ∗
P
1
k
ad(EG)
∇−→ (F ∗
P
1
k
ad(EG)
)⊗ Ω1
P
1
k
q⊗Id−→ ((F ∗
P
1
k
ad(EG)
)
/ad(E P )
)⊗ Ω1
P
1
k
,
where q : F ∗
P
1
k
ad(EG) −→ (F ∗
P
1
k
ad(EG))/ad(E P ) is the quotient map.
Since the dual of Ω1
P
1
k
is an effective line bundle, from Eq. (2.8) it follows immediately that S in
Eq. (2.10) vanishes. Therefore, we conclude that
ad(E P ) = F ∗
P
1
k
V ,
where
V ⊂ ad(EG) (2.11)
is a subbundle.
Since the normalizer of P in G is P itself [11, p. 179, Theorem (b)], it follows that there is a re-
duction of structure group of EG to P
E ′P ⊂ EG
such that the subbundle ad(E ′P ) ⊂ ad(EG) coincides with the subbundle V in Eq. (2.11). We note that
degree
(
ad(EG)/ad
(
E ′P
))= degree((F ∗
P
1
k
ad(EG)
)
/ad(E P )
)
/p < 0 (2.12)
(since EG is semistable, but not strongly semistable, the characteristic p of k is positive). In view of
the inequality on Eq. (2.12), from [3, p. 208, Proposition 3.1] it follows that the Harder–Narasimhan
reduction of EG is nontrivial. In particular, EG is not semistable. This contradicts the fact that EG
is semistable. Hence we conclude that EG is strongly semistable. This completes the proof of the
lemma. 
Lemma 2.5 has the following corollary.
Corollary 2.6. Let EG be a semistable principal G-bundle over P1 . The adjoint vector bundle ad(EG) is trivial.k
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the vector bundle ad(EG) is semistable. (When the characteristic is zero, this follows from [17, p. 285,
Theorem 3.18].) We also note that the adjoint action of G on the line
∧top g is trivial, where g is the
Lie algebra of G . This immediately implies that the line bundle det ad(EG) =∧top ad(EG) is trivial.
As mentioned in the proof of Lemma 2.2, by Grothendieck’s theorem, any vector bundle over P1
k
splits into a direct sum of line bundles. So, from the above observations we conclude that ad(EG)
splits into a direct sum of line bundles of degree zero. But a line bundle of degree zero over P1
k
trivial. This completes the proof of the corollary. 
3. Principal bundles over the projective line
Let k be any ﬁeld. Let G be a connected reductive linear algebraic group deﬁned over k. Semistable
principal G-bundles over the projective line P1k are deﬁned exactly as done in Section 2.
Let k denote the algebraic closure of k. Let
G = G ×k k (3.1)
be the base change of G to k. We note that G is a connected reductive linear algebraic group deﬁned
over k. For any principal G-bundle EG over P1k , the base change
EG := EG ×k k (3.2)
is a principal G-bundle over P1
k
.
Proposition 3.1. A principal G-bundle EG over P1k is semistable if and only if the corresponding principal
G-bundle EG (see Eq. (3.2)) is semistable.
Proof. Assume that EG is not semistable. So there is a reduction of structure group
E P ⊂ EG
to a parabolic subgroup P ⊂ G and a character λ of P such that degree(E P (λ)) < 0 (see Eq. (2.2)).
Consider the base change
P = P ×k k,
which is a parabolic subgroup of G . The character λ of P deﬁnes a character λ of P by base change.
We also note that
E P := E P ×k k ⊂ EG
is a reduction of structure group of EG to P . The line bundle E P (λ) = E P ×P k over P1k , associated to
E P for λ, is the base change of the line bundle E P (λ). Hence we have
degree
(
E P (λ)
)= degree(E P (λ))< 0.
Therefore, EG is not semistable.
To prove the converse, let EG be a semistable principal G-bundle over P1k . Assume that EG in
Eq. (3.2) is not semistable.
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E P ⊂ EG (3.3)
be the Harder–Narasimhan reduction of EG , where P ⊂ G is a parabolic subgroup. Since EG is not
semistable, this subgroup P is proper.
Let ks ⊂ k be the separable closure of k. Let
Gs := G ×k ks
be the base change of G to ks . Let
EGs := EG ×k ks
be the principal Gs-bundle over P1ks given by EG .
Using the ﬁrst part of Lemma 2.4 it follows that the reduction E P in Eq. (3.3) descends to a re-
duction of EGs over P1ks (see the ﬁrst paragraph in [2, p. 304]). In other words, there is a subgroup
P s ⊂ Gs and a reduction of structure group
E P s ⊂ EGs
to the subgroup P s such that
E P s ×ks k = E P ⊂ EG . (3.4)
The condition in Eq. (3.4) uniquely determines both P s and E Ps . Also, P s is clearly a parabolic
subgroup of Gs .
Let k′ be a subﬁeld of ks containing k such that the extension k′ ⊂ ks is Galois. Now from the
uniqueness of the subgroup scheme Ad(E P ) ⊂ Ad(EG) (see Remark 2.3) it follows that the subgroup
scheme
Ad(E P s ) ⊂ Ad(EGs )
is left invariant by the action of the Galois group Gal(ks/k′). Now using the fact that the normalizer
of a parabolic subgroup P ′ ⊂ G is P ′ (see [11, p. 179, Theorem (b)]) it follows that there is a parabolic
subgroup
Pk ⊂ G
and a reduction of structure group
E Pk ⊂ EG (3.5)
to Pk such that the base change Pk ×k ks is a conjugate of P s , and
Ad(E Pk ) ×k ks = Ad(E P s ) ⊂ Ad(EGs ).
Since E P in Eq. (3.3) is a Harder–Narasimhan reduction with P a proper parabolic subgroup, we
have
degree
(
ad(EG)/ad(E P )
)
< 0.
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degree
(
ad(EG)/ad(E Pk )
)= degree(ad(EG)/ad(E P )
)
< 0.
But this contradicts the fact that EG is semistable. Therefore, EG is semistable if EG is so. This com-
pletes the proof of the proposition. 
Remark 3.2. In the proof of Proposition 3.1 we saw that if EG is not semistable, then EG admits a
Harder–Narasimhan reduction (see Eq. (3.5)).
Let L := O
P
1
k
(1) be the unique line bundle over P1k of degree one. Let
FGm −→ P1k (3.6)
be the principal Gm bundle deﬁned by L. So FGm is the complement of the image of the zero section
in the total space of the line bundle L.
Deﬁnition 3.3. A principal H-bundle EH over P1k is called split if there is a homomorphism
ρ : Gm −→ H
such that EH is isomorphic to the principal H-bundle over P1k obtained by extending the structure
group of FGm (see Eq. (3.6)) using ρ .
We will now consider principal bundles over P1k that are trivial over some k-rational point of P
1
k .
We note that a principal H-bundle EH over P1k is trivial over some k-rational point of P
1
k if and only
if EH admits a k-rational point.
Theorem 3.4. Let EG be a principal G-bundle over P1k , where G is a connected reductive linear algebraic group
deﬁned over k, such that EG is trivial over some k-rational point of P1k . Then EG is split.
Proof. We ﬁrst assume that EG is semistable. Since EG is semistable, from Proposition 3.1 we know
that the corresponding principal G-bundle EG := EG ×k k over P1k is semistable, where G is the group
deﬁned in Eq. (3.1). Hence the adjoint vector bundle ad(EG) is trivial (see Corollary 2.6).
Set
V0 := H0
(
P
1
k ,ad(EG)
)
. (3.7)
Let
V˜0 := P1k × V0 (3.8)
be the trivial vector bundle over P1k with ﬁber V0. We have a natural evaluation homomorphism
ϕ : V˜0 −→ ad(EG) (3.9)
which evaluates sections. Let
ϕ̂ : V˜0 ⊗k k −→ ad(EG)
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V0 ⊗k k = H0
(
P
1
k
,ad(EG)
)
,
and ϕ̂ is the evaluation homomorphism.
Now, since the vector bundle ad(EG) is trivial, the evaluation homomorphism ϕ̂ is an isomorphism.
Hence ϕ in Eq. (3.9) is an isomorphism.
Let
x0 ∈ P1k (3.10)
be a k-rational point such that the restriction of EG to x0 is trivializable. Fix a trivialization of (EG)x0 .
Using this trivialization of (EG)x0 , the ﬁber ad(EG)x0 is identiﬁed with the Lie algebra g of G . Also,
note that ad(EG) being a Lie algebra bundle the k-vector space V0 deﬁned in Eq. (3.7) gets the
structure of a Lie algebra. Consequently, the Lie algebra bundle ad(EG) is identiﬁed with the trivial
Lie algebra bundle P1k × g over P1k .
Let
Z ⊂ G (3.11)
be the center. We have a short exact sequence of group schemes
e −→ Z ι−→ G β−→ G ′ := G/Z −→ e. (3.12)
Let EG ′ := EG ×G G ′ be the principal G ′-bundle over P1k obtained by extending the structure group
of EG using the homomorphism β in Eq. (3.12). The above identiﬁcation of ad(EG) with X × g gives
a trivialization of EG ′ . Indeed, this follows using the fact that the adjoint action of G on g factors
through the quotient G ′ in Eq. (3.12), and the action of G ′ on g is faithful. Consequently, there is
a principal Z -bundle
E Z −→ P1k (3.13)
such that EG is obtained from E Z by extending its structure group using the homomorphism ι in
Eq. (3.12). We note that the trivialization of EG over the k-rational point x0 in Eq. (3.10) that we ﬁxed
earlier gives a trivialization of E Z over x0.
Fix a maximal torus
T ⊂ G. (3.14)
The group Z in Eq. (3.11) is contained in T [19, p. 135, Proposition 8.1.8(i)]. We note that Proposi-
tion 8.1.8(i) in [19] is proved under the assumption that the base ﬁeld is algebraically closed; however,
since the inclusion of the center in a maximal torus holds after base change to k, it follows that Z ⊂ T .
Let
ET −→ P1k (3.15)
be the principal T -bundle obtained by extending the structure group of the principal Z -bundle E Z in
Eq. (3.13) using the inclusion of Z in T .
Since E Z is a reduction of structure group of EG to Z , it follows immediately that ET is a reduction
of structure group of EG to T . Therefore, to prove that the principal G-bundle EG is split it suﬃces to
show that the principal T -bundle ET is split (see Deﬁnition 3.3).
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rational point
x1 ∈ P1k \ {x0}.
Since P1k has at least three k-rational points, namely 0, 1 and ∞, such a k-rational point x1 exists. Set
U0 := P1k \ {x1} and U1 := P1k \ {x0}.
So both U0 and U1 are isomorphic to the aﬃne line A1k . Since the principal T -bundle ET is trivial
over x0, from [16, p. 138, Proposition 2.7] it follows that the restriction of ET to U0 is trivializable.
The two open subsets U0 and U1 share at least one common k-rational point (there are at least three
k-rational points in P1k ). Hence applying [16, p. 138, Proposition 2.7] to the restriction of ET to U1 we
conclude that ET |U1 is also trivializable.
Fix trivializations of ET |U0 and ET |U1 . Consequently, the principal T -bundle ET is given by a tran-
sition function
f : U0 ∩ U1 = Gm −→ T (3.16)
with respect to the covering of P1k given by the ordered pair of open subsets U0 and U1. For any
k-rational point g0 ∈ T , the principal T -bundle over P1k deﬁned by the transition function g0 · f is
isomorphic to ET . In fact, an isomorphism is given by the action of g0 on ET . Therefore, we may
assume that f in Eq. (3.16) takes the identity element of Gm to the identity element in T .
Any morphism from Gm to T that takes the identity element in Gm to the identity element in
T is a homomorphism of groups (this follows from the fact that any morphism Gm −→ Gm that
takes the identity element to itself must be a homomorphism of groups). Therefore, f in Eq. (3.16) is
a homomorphism of groups.
We will now consider transition functions that give the principal Gm-bundle FGm in Eq. (3.6). Let
f0 : U0 ∩ U1 = Gm −→ Gm (3.17)
be the automorphism of groups that gives the principal Gm-bundle FGm (since the line bundle L
corresponding to FGm generates Pic(P
1
k ), it follows that FGm is given by a unique automorphism f0 as
in Eq. (3.17)).
Now consider the homomorphism
ρ := f ◦ f −10 : Gm −→ T ,
where f and f0 are constructed in Eq. (3.16) and Eq. (3.17) respectively. It is straight–forward to
check that the principal T -bundle over P1k obtained by extending the principal Gm-bundle FGm in
Eq. (3.6) using f is isomorphic to ET .
We noted earlier that ET is a reduction of structure group of EG to T . Therefore, we have proved
that the principal G-bundle EG is split under the assumption that EG is semistable.
Now assume that EG is not semistable. Take a pair (P , E P ), where P ⊂ G is a proper parabolic
subgroup, and
E P ⊂ EG (3.18)
is a Harder–Narasimhan reduction (see Remark 3.2).
Let Ru(P ) denote the unipotent radical of the parabolic subgroup P in Eq. (3.18). So we have
a short exact sequence of groups
e −→ Ru(P ) −→ P φ−→ L(P ) −→ e, (3.19)
I. Biswas, D.S. Nagaraj / Journal of Algebra 322 (2009) 3478–3491 3489where L(P ) is the Levi quotient of P . Let
EL(P ) = E P ×P L(P ) (3.20)
be the principal L(P )-bundle over P1k obtained by extending the structure group of the principal
P -bundle E P (see Eq. (3.18)) using the projection φ in Eq. (3.19). From the properties of a Harder–
Narasimhan reduction we know that EL(P ) is semistable.
The short exact sequence in Eq. (3.19) is right-split. In other words, there is a homomorphism
ψ : L(P ) −→ P (3.21)
such that φ ◦ψ is the identity morphism of L(P ) [11, p. 184, §30.2]. Fix a splitting ψ as in Eq. (3.21).
Our aim is to show that E P is isomorphic to the principal P -bundle obtained by extending the struc-
ture group of EL(P ) in Eq. (3.20) using ψ .
The group P has the adjoint action on Ru(P ). Let
E P
(
Ru(P )
)= E P ×P Ru(P ) (3.22)
be the group scheme over P1k associated to the principal P -bundle E P for the adjoint action of P
on Ru(P ). It can be shown that if
H1
(
P
1
k , E P
(
Ru(P )
))= {e}, (3.23)
then the principal P -bundle E P is isomorphic to the principal P -bundle obtained by extending the
structure group of the principal L(P )-bundle EL(P ) in Eq. (3.20) using ψ in Eq. (3.21). Indeed, this
follows from the exact sequence of pointed sets
H1
(
P
1
k , E P
(
Ru(P )
))−→ H1(P1k ,Ad(E P )
)−→ H1(P1k ,Ad(EL(P ))
)
associated to the short exact sequence of group schemes
e −→ E P
(
Ru(P )
)−→ Ad(E P ) −→ Ad(EL(P )) −→ e
over P1k , where Ad(E P ) and Ad(EL(P )) are the adjoint bundles of E P and EL(P ) respectively, and
E P (Ru(P )) is constructed in Eq. (3.22) (see [8, p. 153, Section 5], [15, p. 122, Proposition III.4.5]).
Let
e = Un ⊂ Un−1 ⊂ · · · ⊂ U1 :=
[
Ru(P ), Ru(P )
]⊂ U0 := Ru(P ) (3.24)
be the lower central series of the unipotent radical Ru(P ) ⊂ P . So, Ui = [Ru(P ),Ui−1] for all i ∈ [1,n].
We also note that the adjoint action of P on Ru(P ) preserves the ﬁltration in Eq. (3.24). The subgroup
Ui of Ui−1 is normal, and the quotient Ui−1/Ui is an abelian unipotent group for each i ∈ [1,n]. Also,
the induced action of P on Ui−1/Ui factors through the quotient L(P ) in Eq. (3.19).
The Lie algebra of P will be denoted by p. Let
Rn(p) ⊂ p
be the nilpotent radical. Let
0 = nn ⊂ nn−1 ⊂ · · · ⊂ n1 := [Rn(p), Rn(p)] ⊂ n0 := Rn(p) (3.25)
be the lower central series of Rn(p). So, ni = [ni−1, Rn(p)] for all i ∈ [1,n]. Furthermore, the ﬁltration
of Lie algebras in Eq. (3.25) corresponds to the ﬁltration of algebraic groups in Eq. (3.24).
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Hence the group Ui−1/Ui is canonically isomorphic to the quotient vector space ni−1/ni in Eq. (3.25).
For i ∈ [0,n− 1], let
Ei = EL(P ) ×L(P ) (Ui/Ui+1) (3.26)
be the vector bundle over P1k associated to the principal L(P )-bundle EL(P ) in Eq. (3.20) for the L(P )-
module Ui/Ui+1 (the adjoint action of P on Ui/Ui+1 factors through L(P )). The ﬁltration of the group
scheme E P (Ru(P )) (see Eq. (3.22)) associated to the ﬁltration in Eq. (3.24) has the property that
successive quotients are identiﬁed with Ei , where Ei are deﬁned in Eq. (3.26). Therefore, Eq. (3.23)
holds if
H1
(
P
1
k , Ei
)= 0 (3.27)
for all i ∈ [0,n− 1].
Take any i ∈ [0,n − 1]. Let
ni/ni+1 =
ai⊕
j=1
Mij (3.28)
be a decomposition into a direct sum of indecomposable L(P )-modules. Let
W ij := E P
(
Mij
)
(3.29)
be the vector bundle over P1k associated to the principal P -bundle E P in Eq. (3.18) for the P -module
Mij in Eq. (3.28).
Since Mij is indecomposable, the center of L(P ) acts on M
i
j as scalar multiplications. Indeed, the
isotypical components of Mij , considered as a representation of the center of L(P ), are preserved
by the action of L(P ) on Mij . Also, the semistable L(P )-bundle EL(P ) is strongly semistable (see
Lemma 2.5). Hence the vector bundle W ij in Eq. (3.29) is semistable (see [17, p. 288, Theorem 3.33]
and [17, p. 285, Theorem 3.18]). On the other hand, from the properties of a Harder–Narasimhan
reduction it follows that
degree
(
W ij
)
> 0
(see [1, p. 694, Theorem 1]).
We recall that any vector bundle over P1k decomposes into a direct sum of line bundle. Since W
i
j
is semistable of positive degree, it decomposes into a direct sum of line bundles of positive degrees.
Hence we have
H1
(
P
1
k ,W
i
j
)= 0.
Since
Ei =
ai⊕
j=1
W ij,
where Ei is deﬁned in Eq. (3.26) we now conclude that Eq. (3.27) holds. Therefore, Eq. (3.23) is valid.
Hence the principal P -bundle E P in Eq. (3.18) is isomorphic to the principal P -bundle obtained by
extending the structure group of EL(P ) in Eq. (3.20) using the homomorphism ψ in Eq. (3.21).
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bundles over P1k are split. This completes the proof of the theorem. 
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